Abstract. We apply the methods of algebraic reliability to the study of percolation on trees. To a complete k-ary tree T k,n of depth n we assign a monomial ideal I k,n on n i=1 k i variables and k n minimal monomial generators. We give explicit recursive formulae for the Betti numbers of I k,n and their Hilbert series, which allow us to study explicitly percolation on T k,n . We study bounds on this percolation and study its asymptotical behavior with the mentioned commutative algebra techniques.
Introduction
The study of monomial ideals has experienced a big development in the last couple of decades, not only from a theoretical point of view [HH11] but also from the point of view of applications and algorithms [BGSdC13] . Of particular interest are the relations between the algebra of monomial ideals and the combinatorics of graphs and networks [Vil01, MV12, VT13] . In relation with these lines of research, the authors have developed an algebraic theory of system reliability which can be applied to industrial, biological and communication systems, among others [GW04, SW09, SW14, SW15] . In this theory, a monomial ideal is associated to a coherent system and the study of the reliability of the system is performed by studying algebraic invariants of the ideal, such as the Hilbert series and Betti numbers. This algebraic approach to system reliability analysis is an example of enumerative methods for reliability evaluation. In particular, it is an improvement of the inclusion-exclusion method, which is the most general one for coherent systems [GW04, SW09] .
A main difficulty and the first step in the use of monomial ideals to study the reliability of coherent systems is the enumeration of the working and failure states of the system. This made the authors focus on several widely used and structured systems, like k-out-of-n systems [SW09] , series-parallel systems [SW11] , all-terminal networks [MS14, MS15, Moh15] , and the more general category of two-terminal networks [SW10, Moh15] . The present paper follows this line extending the application of the algebraic approach to reliability analysis to a more general situation, which allows us to introduce these techniques in percolation theory, a branch of probability theory.
In the setting of two-terminal networks the situation is the following. Consider a network as a simple connected graph G = (V, E), where V is the set of vertices (nodes) and E is the set of edges (connections). To have a two-terminal network, we select two special vertices in the graph, s (source) and t (target) and study the connections between s and t in the network. We consider that vertices are reliable but edges may fail. The network fails to communicate between s and t whenever there is a set of failing (removed) edges such that there is no path connecting s and t using only the remaining edges. Such a set of edges is called a cut in this context. On the other hand, a path is a set of working edges that connect s and t. We say that the network is working whenever there is a path of working edges between s and t.
In the algebraic approach we consider a polynomial ring on n variables, where n is the number of edges of G, i.e. n = |E|. We associate a variable x e , e ∈ {1, . . . , n} to each edge x e in E. To a set of edges we associate the product of their corresponding variables. The main observation in the algebraic approach to network reliability is that the monomials corresponding to the set of cuts (respectively paths) of a network G generate a monomial ideal, which we call the cut ideal of G, J G (respectively the path ideal of G, I G ). The evaluation of the (numerator of the) Hilbert series of either the cut ideal or the path ideal of G using the probabilities of failure or function of each edge and their combinations, gives us the reliability of G. Furthermore, if we consider the form of the Hilbert series given by a free resolution of the ideal, we can obtain bounds for the reliability of G, which are tighter than the usual Bonferroni bounds [SW09] .
The outline of the paper is the following. In §2 we generalize this setting to any situation in which a cut and a path are defined in opposition to each other, in an obvious way: a cut separates a designated set of pairs of vertices and a path connects all such pairs. This allows us to study the problem of all-terminal reliability and multi-source multi-terminal reliability. These more general situations include the setting of percolation theory. In §3 we apply this method to study percolation on complete trees. This is a new and relevant application of the algebraic method in reliability. We describe the path and cut ideals in this case and compute exact Hilbert series and Betti numbers. We also give and compute recursive formulas for them. With these results at hand, we study in §4 path and cut bounds for percolation in trees, recover some classical results on critical values and study the asymptotic behaviour of percolation on trees and their corresponding Betti numbers.
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Monomial Ideals, Betti numbers and tight inclusion-exclusion bounds
Definition 2.1. Given two disjoint nonempty subsets A, B of V (G) we define E(A, B) = {e ∈ E(G) : e ∩ A = ∅ and e ∩ B = ∅}.
For a nonempty subset
denotes the induced subgraph of G with the vertex set A. A cut which is minimal with respect to inclusion is called minimal.
Fix a vertex q of G as a source, and fix a subset L ⊆ V (G)\{q} as targets. Let S L,q be the set containing all connected cuts E(A, A c ) of G, with L ⊂ A and q ∈ A c , and let D L,q be the set containing all paths between q and one of the vertices of L.
Let K be a field and let S = K[x] be the polynomial ring in the n = |E(G)| variables {x e : e ∈ E(G)}. We associate the monomial m C = e∈C x e to each cut C = E(A, A c ), and the monomial m P = e∈P x e to each path P . We will be concerned with the following ideals in R:
Example 2.2. Consider the two-terminal network G depicted in Figure 1 , known as the double bridge network. We have E G = {12, 13, 14, 23, 25, 34, 35, 45}. Consider vertex q = 1 as the source and let L = {5} be the set of targets. Following the notation in 2.1 we obtain the following table of cuts In this setting, we show that the path ideal is the Alexander dual of the cut ideal. Let us give a brief reminder adapted to our setting. Let Σ G denote the associated simplicial complex to P L,q on the vertices {x e : e ∈ E(G)}. The following result is a slight generalization of [MS15, Prop. 8.1].
Proposition 2.4. The number of facets of Σ G is the same as the number of minimal cuts of G. For each cut C, the corresponding facet τ C is τ C = {x e : e ∈ E(G)\C}. The minimal prime decomposition of P L,q is
x e : e ∈ C , the intersection being over all minimal cuts of G. In particular, P L,q is the Alexander dual of C L,q .
Proof. The ideal P L,q is generated by monomials e∈P x e , where P is a path from q to one of the vertices in L. First we show that for each cut C, the monomial mC := e∈E(G)\C x e does not belong to P L,q . Clearly mC ∈ P L,q if and only if mC is divisible by one of the given generators e∈P x e . But
However, it follows from the definition of cuts that E(G)\C does not contain any path from q to any element of L. This shows that τ C = {x e : e ∈ E(G)\C} is a face in the simplicial complex Σ G . Next we show that τ C must be a facet; for f ∈ C, because C is a minimal cut of G, G[C\{f }] still has a path between q and some element of L. Then the monomial m C · x f is divisible by e∈P x e . It remains to show that for any monomial m = e∈F x e that does not belong to P L,q we have F ⊆ (E(G)\C) for some cut C. To show this, we repeatedly use the fact that m is not divisible by generators of the form e∈P x e for various P , and construct a cut C. Note that if x∈F x e is not divisible by e∈P x e then there exists an e ∈ P such that e ∈ F . We consider the set consisting all such edges which is clearly a (not necessarily minimal) cut. The proof now is complete by [MS05, Thm. 1.7].
Let us now step into probability theory. In order to apply monomial algebra to network reliability, we assign a working probability to each of the connections (edges) of our network (graph). We shall consider that each edge e operates with independent probability p e and fails with probability q e = 1 − p e . Our task is then to compute the probability P(p e ) that the system operates (at least one path) or fails (at least one cut) which is 1 − P(p e ). For these computations, we use the numerator of the Hilbert series of the path or cut ideals. Note that we could also consider dependent probabilities for each edge. This would need more complicated computations but not different methods.
The multigraded Hilbert series of S/I for an ideal I can be expressed in terms of the multidegrees of the modules in any multigraded resolution of S/I, as
where the γ i,α are the ranks of the multigraded modules in the resolution. If the resolution is minimal then
where the β i,α depend only on I and are known as the multigraded Betti numbers of S/I. Observe that the minimality of the resolution means that
To simplify our notation, we set
and we refer to this as the numerator of the Hilbert series of I which can be seen as a special kind of inclusion-exclusion formulae for counting the monomials in the union of the ideals based on each individual minimal generator. By truncating at different homological degrees, or "depths" i we obtain successive upper and lower bounds for the indicator function of this union. A key point here is that the bounds given by the minimal resolution are tighter, or at least as tight as, those given by the classical Bonferroni (inclusion-exclusion) bounds. In the algebraic setting the Bonferroni bounds correspond to the computation of the Hilbert series of S/I using the Taylor resolution, see [SW09] for a full explanation.
Observe that if we have that each edge e of G has a different operating probability p e then we need the multigraded version of the Hilbert series of S/I to obtain the bounds and probability formulae for the reliability of the network. However, if all the edges operate (do not fail) independently with the same probability p, i.e., if p e = p for each edge e of G, then we only need the graded Betti numbers, to obtain the bounds. Each of the graded Betti numbers sums up all the multigraded ones of the same total degree j for each homological degree i, i.e. β i,j (I) = deg(µ)=j β i,µ (I).
A good way to relate the information of the Hilbert series and Betti numbers is the use of generating functions. We first fix some notation and then express the bounds in terms of the Betti numbers β i,j . First, consider a variable x as a placeholder for the homological degree i. Thus we define the graded Betti number generating function of an ideal I as
The numerator of the graded Hilbert series can now be expressed as
Notation. In our setting, to simplify the notation H(x, t) denotes the numerator of the Hilbert series of the path ideal P L,q andH(x, t) denotes the numerator of the Hilbert series of the cut ideal C L,q . Similarly, we denote G(x, t),G(x, t),
Remark 2.5. Using the path ideal, the path probability (percolation) is given by
Observe that this expression comes from the fact that the numerator of the Hilbert series represents the full inclusion inclusion-exclusion of the orthants with "corner" at the minimal paths and then replacing t by p translates this into the reliability function: see [SW09] .
On the other hand, as mentioned, the cut probability is given by
Put briefly, the full Hilbert series gives the full operating set. We also have the cut ideal and use tilde for the cut quantities. So we have for the cut ideal:
. The probability of system failure is
So combining the formula we have two ways of expressing the probability P(p):
This is a manifestation of the Alexander duality in terms of probability.
To complete the notation, consider any power series in x, say f (x) = i≥0 c i x i and let T m (f (x)) = m i=0 c i x i , be the truncated version at i = m. Thus, powers of the "dummy" variable x can be used to pick out the depth at which we truncate to get bounds:
As we will see in detail in the §4, the path bounds are accurate for small p, and the cut bounds for small q, or p = 1 − q close to 1.
Tree percolation
Let us apply these techniques to a prominent example, namely percolation in complete k-ary trees. A complete k-ary tree T k,n of depth n, is a tree with n levels in which each node (except the leaves) has exactly k children. Each edge between nodes is called a bond. See Figure 2 for k = 2 and n = 3. We are interested in standard tree bond percolation on T k,n . Each bond has an independent probability p of being operative. A percolation is a path of bonds from the first generation (root) to the last (a leaf). If we consider the unique minimal ways to connect each of the leaves with the root as minimal connecting events, then we want to find the probability of the union of events that contain at least one minimal connecting path from the root to a leaf. We will use an algebraic approach to solve this problem. x 4 x 5 x 6
x 7 x 8 x 9 x 10 x 7
x 8 x 11 x 12 x 13 x 14
Much of the theory of percolation is about critical values. For the bond percolation on T k,n , there is a critical value, denoted p c , such that for 0 ≤ p ≤ p c , as n → ∞, the probability of a percolation tends to zero, whereas for p c ≤ p ≤ 1 the probability tends to a positive probability. This critical value is known to be p c = 1 k . This is a classical result and is often covered in the theory of branching processes, where the positive probability is referred to as the probability of survival of a branching process, in which in every generation each individual has k offsprings. For the general theory of percolation see [Gri99] and for work on percolation on trees see [Lyo90] and Chapter 5 of [LP05] .
For the study of critical values in our algebraic setting, we use recurrence relationships for the Hilbert series giving H k,n (x, t) in terms of H k,n−1 (x, t). In the final section we use these recurrences to study the behaviour of the bounds, as n → ∞, including a notion of asymptotic Betti numbers.
3.1. The path ideal of T k,n . Let us consider T k,n as a rooted graph with the edge set E (the edges are oriented going away from the root) as in Figure 2 . We label each node with increasing integers, starting from the root, which has label 0 and within the same level from left to right. Each edge will be labelled with x i , where i is the head of the edge, i.e., the edge is directed toward i.
Let K be a field and let S = K[x] be the polynomial ring in the m = |E| = n j=1 k j variables {x e : e ∈ E}. The path ideal I k,n is the monomial ideal in R generated by the monomials x i 1 · · · x in where 0, i 1 , . . . , i n is a unique path from the root to the leaf i n . The ideal I k,n has then k n minimal generators (one for each leaf).
Notation. For fixed integers k and n, we fix 0 as a source, and the set of leaves as targets instead of q and L from §2. The ideals I k,n and J k,n denote the corresponding path ideal P L,q , and the corresponding cut ideal C L,q from §2.
Remark 3.1. Let R = K[y] be the polynomial ring over a field K on |V (T k,n )| variables. The path ideal of length n associated to T k,n is the monomial ideal I n+1 ⊂ S generated by monomials y i 0 y i 1 · · · y in where i 0 , i 1 , . . . , i n is a path in T k,n . Such ideals are studied in [BHO11, HVT10] . Note that if n is the depth of the tree, then y i 0 is the variable corresponding to the root. In particular I n+1 is isomorphic to our ideal I k,n under the induced isomorphism
where G(I) denotes the generating set of I, and x i is the variable corresponding to the edge between the vertices y i −1 and y i .
Lemma 3.2. Let T k,n be a k-ary tree and I k,n its path ideal. Then we have that (i) the Taylor resolution of I k,n is minimal for all k and n, (ii) the Betti numbers are given by β i (I k,n ) =
The length of the resolution, i.e., the projective dimension of I k,n is k n .
Proof. Each minimal generator m α of I k,n has a variable that appears only in it, namely the one corresponding to the edge ij where j is the leaf in m α . Hence the monomials corresponding to the least common multiple of any two different sets of minimal generators are different, hence the multidegrees of the generators of the Taylor resolution of I k,n are all different, and hence the Taylor resolution of I k,n is minimal. The Betti numbers of I k,n are then the ranks of the modules in the Taylor resolution.
3.2. Path formulae. Here we read the resolution of I k,n as a tensor product of the resolutions of ideals arising from I k,n−1 to obtain the generating function and a recursive formula for the ideal's Betti numbers (see Appendix A for some basic facts about tensor products of chain complexes).
Theorem 3.3. The total Betti numbers of I k,n are β i (I k,n ) =
and the graded Betti numbers β i,j can be determined recursively as:
where
. . , i s > 0} and
Proof. Assume that x 1 , x 2 , . . . , x k are the variables corresponding to the edges of tree connected to the root. Then
where each I (i) k,n−1 is a tree ideal associated to a k-ary tree of depth n − 1. Note that their corresponding trees are disjoint, so the ideals I (i) k,n−1 live in disjoint polynomial rings. Therefore, the resolution of I k,n is the tensor product of the resolutions of the ideals x i I (i) k,n−1 . On the other hand, β i,j (x i I (i) k,n−1 ) = β i,j+1 (I k,n−1 ) for all k and n. Thus the statement is an immediate consequence of Lemma A.1(iii).
Remark 3.4. Let us denote by G k,n = i,j β ij (I k,n )x i t j the generating function for the Betti numbers of the ideal I k,n . We also denote the numerator of the graded Hilbert series of I k,n by H k,n . Note that by Remark 2.3 we have
We recall that the ideal I k,1 = x 1 , x 2 , . . . , x k is generated by k variables. Thus β i,j = k i if i = j, and it is zero otherwise. Therefore
From Theorem 3.3 and the above argument we obtain the following compact result.
Theorem 3.5. The generating function for the Betti numbers of I k,n for all k and n, is equal to
3.3. Cut ideal and cut formulae. As explained in Proposition 2.4 the cut ideal is the Alexander dual ideal of the path ideal I k,n . We consider the following problem: Given a probability p i for each edge i in T k,n to be operative, we want to find the probability of disconnecting the root with all leaves of graph. If we consider all minimal possible ways to disconnect the leaves with the root as minimal connecting events, then what we want to find is the probability of the union of events that does not contain any path connecting the root to a leaf. As before, we consider p i = p for all i.
Here we read the ideal J k,n as the Alexander dual of the tree ideal I k,n studied in §3.2 to obtain the generating function and a recursive formula for its Hilbert series.
For all k and n, the generating function for the Betti numbers of the ideal J k,n is denoted byG k,n . We recall that the ideal I k,1 = x 1 , x 2 , . . . , x k is generated by k variables, and its dual is J k,1 = x 1 x 2 · · · x k . Thus β 0,0 (S/J k,1 ) = 1, β 1,k (S/J k,1 ) = 1, and it is zero otherwise. ThereforeG k,1 (x, t) = t k x.
Theorem 3.6. The generating function of the Betti numbers of J k,n for all k and all n > 1, is equal to
Proof. Assume that x 1 , x 2 , . . . , x k are the variables corresponding to the edges of tree connected to the root, and I (i) k,n−1 is a tree ideal associated to a k-ary tree of depth n − 1. We denote J k,n−1 is equal to (1 − tx)(1 +G k,n−1 (−x, t)).
On the other hand, J k,n can be written as the multiplication of the ideals x i +J (i) k,n−1 living in the polynomial rings on disjoint variables:
k,n−1 . Now applying Lemma A.2(iii), then the same argument as Theorem 3.5 implies that the minimal free resolution of the ideal J k,n is the tensor product of that of x i +J (i) k,n−1 and so we have
Bounds and critical values
Using the same notation as in Remark 3.4 and applying Remark 2.5 the percolation probability of the path ideal I k,n is then given by
Similarly we haveP k,n (q) =H k,n (1, q). From (2.6) and Theorem 3.5 we have the iterative formula
This gives the formula for P k,n (p):
which is well known from the theory of branching process [Har02] . We will have in mind the classical asymptotic form for P k,n (p). As n → ∞, and for fixed k, P k,n (p) converges to the function:
where u is the solution of
The value p c = 1 k is the maximum value of p for which P k,∞ (p) = 0. For the bounds given in §2 we write the path and cut bounds, respectively as
We now discuss how the bounds for percolation based on B k,n,m and C k,n,m behave. As a brief guide to a quite technical section the following is an informal list of the main features found by the authors (1) The path bounds B k,n,m are accurate as p → 0.
(2) The cut bound, C k,n,m , are accurate as p → 1 (q = 1 − p → 0). (3) The path bounds display critical behaviour at the critical value p c = 1 k in that they diverge away from the true probability, as n increases and can only be controlled by taking higher depth m . (4) The cut bounds reveal a new type of critical value p *
All these results are consequences of having the iterative formulae (3.1) and (3.2). It should also be noted that the path bounds are easier to handle than the cut bounds, which is a consequence of the Taylor resolution (standard inclusionexclusion) being the minimal free resolution in the path case, which is not true in the cut case. By working on the first few bounds, we can obtain exact formula and limits in some cases.
Example 4.1. Figure 3 gives an example combining the path and the cut bounds for k = 2, n = 4 and depth at m = 3, 4. Observe that together with the curve showing the true probability of percolation there are four curves plotted together in this figure, two on the left side of the figure i.e. probability p closer to 0 and two on the right side i.e. probability p closer to 1. To cope with the divergence near the critical value the upper and lower bounds are truncated respectively at 1 and 0. The upper bounds are in green: m = 3 for the path bound on the left and m = 4 for the cut bound on the right. The lower bounds are in blue: m = 4 for the path bound on the left, and m = 3 for the cut bound on the right. The central red curve is the true probability of percolation.
We begin with some formulae for the path case. Multiplying the bounds by a truncated version of the product (1 − kp)(1 − k 2 p 2 )(1 − k 3 p 3 ) · · · leads to tractable formulae. Interestingly, the inverse of this infinite product is the generating function for integer partitions. For the path bounds we have the following, for n = 1, 2, 3:
The general formula, whose proof is omitted, is
where Q k,p,m (k, p) is a polynomial in p, the degree of which depends only on k and m. This gives some asymptotics as n → ∞. To aid this we set p = R k
, having in mind that 1 k is the critical value.
After a little algebra we have the following formulae
For fixed R < 1 the first bound B k,n,1 → 0, as expected. It is instructive to let k → ∞, again while keeping R < 1 fixed. Combining the first two bounds (m = 2, 3) we have asymptotically, we obtain
The bounds agree to order R n+1 , the left bound reaches zero at R = 1 2 and the bounds diverge to ±∞ as R → 1. It has a pole at R = 1, for all the bounds except the first from which we claim that p = p c = 1 k is a critical value for the path bounds, albeit buried under a basic R n convergence rate for R < 1. Now let us consider the cut bounds. We start with a basic form of the iteration for the cut generating function from (3.3):
Then the successive values of H k,n (x, t) are given by the recurrence relation:
Note that
The main difficulty is that although we have recurrence for H k,n+1 (x, y) there is not in general such a nice formula for the truncated version which is given by extracting the Taylor expansion in x up to degree m. However, there is one simple case, namely the first upper cut bound, i.e. m = 2, which we denote by C k,n,2 (q) . We have for all n ≥ 1
At any fixed k, q the value C k,n,2 (q) increases with n. There is a critical value q = q * k,n,2 . For any q above this value C k,n,2 (q) → ∞ as n → ∞. In the interval 0 ≤ q ≤ q * k,n,2 , C k,n,m tends from below to the solution to z = (z + q) k .
We can solve this explicitly for q, giving q = z 1 k − 1. The critical values of q and z are found, by solving dz dq = 0 and we obtain:
which plays a key role in the cut theory. Example 4.2. For n = 2, 3 and k = 2 we obtain:
Remark 4.3. Note that for all i and j, we can read off the Betti numbers β i,j (S/J k,n ) as the coefficients of x i t j in the polynomial H k,n (x, t).
The limiting behaviour of C k,n,m (q) as n → ∞ will be considered below.
Lemma 4.4. For fixed q and k = m = 2, the lower asymptotic bound of C k,n,m (q) as n → ∞ is
Proof. We consider the solution in u, of u − g(x, t, k, u) = 0. As k = 2, we use the solution
If we expand in powers of x we obtain:
The cut bounds are obtained by truncating such expansions and setting t = q and x = 1. Thus the above expansion gives the k = 2, m = 2 lower asymptotic bound:
Further expansion in t gives asymptotic Betti numbers which we will cover in the next section. We collect these informal results into the following.
Theorem 4.5. For fixed k, m, and q, the cut bounds C k,n,m (q) converge to the function which is the truncated Taylor expansion of the smallest solution, in u, of the equation Proof. The case m = 1 above is a good guide, because it gives the first term in the Taylor expansions and further analysis shows that it also gives pole governing the expansion for any m > 1. Although we cannot get closed forms for the solutions of u − g(x, q, k, u) = 0 for k > 3, nonetheless we can show the presence of a pole at q * k . We use the shorthand g(u) = g(x, t, k, u). Then, g(u) is convex and increasing in u in the region 0 ≤ x, t ≤ 1 and g(0) = xt k . Moreover u 1 = xt k , where u 1 is the starting value in the iteration u n+1 = g(u n ). Suppose first that, under that suitable conditions on x, t, the equation u = g(u), has at least one solution and let u * , be the smallest (there can be no more than two, by the convexity of g(u)). Then, for the dynamic system u n+1 = g(u n ) the iterate u n converge upwards to u * . The complication is that the existence of the solution x * depends on x and q. We know that x * does not exist if and only if g(u) > u, for all u > 0. We consider the case k = 2, for which q * 2 = 1 4
. The function g(u) − u has roots 1 2
In the region 0 ≤ q ≤ , however, the roots are complex for x sufficiently small, noting that the smallest root is
In that case g(u) > u and u n diverges to infinity. The case of general k proceeds along the same lines. The fact that the bounds, which are achieved at x = 1, converge in the "good" region, 0 ≤ q ≤ q * k follows by standard analysis on the uniform convergence of power series. For q * k < q ≤ 1, the divergence of C k,n,m (q), follows immediately from the divergence of u n , with sign dependent on m Figure 4 shows an example of the behaviour of the cut bounds for k = 2 and relatively modest value n = 6. The cut upper bound for m = 3 (depicted in green), and the cut lower bound for m = 4 (depicted in red) are already approaching the vertical line at the critical value q = critical cut bounds for n = 6, k = 2, m = 3 (cut upper bound in green) and m = 4 (cut lower bound in red).
4.1. Asymptotic Betti number: cut case. For the case k = 2 we use the appropriate generating function in (3.2) with the discussion in the last section to give the graded Betti number generating function:
There are more complex formulae for k > 2. This generating function enables us to derive a combinatorial formula for the coefficients, which we shall call the asymptotic graded Betti numbers.
Theorem 4.6. The asymptotic graded Betti numbers for the cut ideal on a binary (k = 2) tree are given by
, for j ≥ 2i and zero otherwise.
Proof. We temporarily make the transformation t = z 1+y , x = y(1+y) z in the generating function (4.6) giving:
We recognize the first term on the right hand side as the generating function of the Catalan numbers c r =
We now back substitute y = xt, z = t(1 + xt) so that the generating function for the c r becomes:
∞ r=0 c r t r (1 + xt) r . Expanding each term (1 + xt) r into binomial terms and incorporating the other terms y we find the Betti numbers β i,j (J 2,∞ ) as the coefficient of x i x j , for j ≥ 2i.
for j ≥ 2i and zero otherwise. Using the form of c j−i , we obtain the result.
Theorem 4.7. In the region 0 ≤ q ≤ q * k , for each i there is a maximal integer N (n, i) such that for any j < N (n, j)
Furthermore N (n, j) is increasing in n, for fixed i.
Proof. This follows from the uniform convergence of the power series derived form u n and the fact that the coefficients are integers.
The following tables show the graded Betti numbers β ij of the cut ideal for k = 2, n = 2, . . . , 4 and ranges of values of i = 1, . . . , 7 and j = 2, . . . , 14. Note that its (i, j)-entry is simply β i,i+j (S/J k,n ). The table for n = 2, 3 are complete. The last table gives the asymptotic Betti numbers. 
Proof. The proof is by induction on r. Assume that r > 1. Since differential maps of the tensor complex are defined in terms of differential maps of F 's, the minimality of the tensor complex follows by the minimality of the resolutions of all components. On the other hand, these ideals live in rings with disjoint variables which implies that Tor i (S/(I 1 + · · · + I r−1 ), S/I r ) = 0 for i > 0, and so the constructed complex is indeed a minimal free resolution for S/I.
In Lemma A.1 if we replace I 1 + · · · + I r and S/I by I 1 I 2 · · · I r and I, then an analogous statement holds. The original statement appeared in Habilitationsschrift of Jürgen Herzog in 1974, and the proof is similar to the proof of above lemma.
Lemma A.2. Let I i ⊆ S i be a monomial ideal in the polynomial ring S i for i = 1, . . . , r, and let I = I 1 I 2 · · · I r be the ideal in the polynomial ring S = S 1 ⊗ · · · ⊗ S r . Assume that F i is the minimal free resolution of I i for all i. Then the minimal free resolution of I is obtained by F 1 ⊗ F 2 ⊗ · · · ⊗ F r . In particular, Note that, the (i, j)-entry of the table corresponding to S/I is simply β i,i+j (S/I) = β i−1,i+j (I), and we have only listed the entries corresponding to the non-zero Betti numbers. Since HS I (x, t) = 1 − (1 − t) 12 .
Note that the above formula includes the graded Betti numbers. For example: (1 − t) 12 .
From the above formula we obtain the graded Betti numbers. For example: The term x 2 (3t 7 + 6t 8 ) in the above formula shows that β 1,7 = 3 and β 1,8 = 6.
